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Abstract: In this paper, we use fractional Fourier series to solve three types of fractional integrals based on Jumarie’s
modified Riemann-Liouville (R-L) fractional calculus. Fractional Euler’s formula, fractional DeMoivre’s formula
and a new multiplication of fractional analytic functions play important roles in this paper. In fact, our results are
generalization of the traditional calculus results. On the other hand, three examples are given to illustrate our results.
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I. INTRODUCTION

In recent years, fractional calculus has attracted more and more attention due to its wide application in science and
engineering [1-11]. However, the definition of fractional derivative is not unique, there are many useful definitions,
including Riemann-Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional
derivative, Jumarie’s modified R-L fractional derivative [12-15]. Jumarie modified the definition of R-L fractional
derivative with a new formula, and we obtained that the modified fractional derivative of a constant function is zero. Thus,
it is easier to connect fractional calculus with traditional calculus by using this definition.

In this paper, based on Jumarie type of R-L fractional calculus, we use the fractional Fourier series to solve the following
three types of a-fractional integrals:

[(r - cos, (t%) + c)®[r? - cos,(2t%) + (a + b)r - cos, (t*) + ab] + 1 - sing, (t*)®[r? - sin, (2t%) + (a + b)r - sing (t*)]]

a
( OIT“) ] ®[2abr? - cos,(2t%) + [2(a + b)r3 + 2ab(a + b)r] - cos, (t%) + r* + (a + b)?r? + a?h?]|® 1 I
(D
(o) [(r - cos, (%) + c)®[r? - cos,(2t%) + (a + b)r - cos,(t*) + ab] + 1 - sing, (t*)®[r? - sing (2t%) + (a + b)r - sing (t*)]]
0Tl | ®[2abr? - cos, (2t%) + [2(a + b)r3 + 2ab(a + b)r] - cos, (t*) + r* + (a + b)?r? + a?b?]® "1 Qcos, (kt%) |
(2)
and
(o) —(r - co5q(t%) + )®[r? - sing (2t%) + (a + b)r - sing (t¥)] + 1+ sing, (t*)®[r? : cos,(2t%) + (a + b)r * cos, (t%) + ab]
07T ®[2abr? - cos, (2t*) + [2(a + b)r? + 2ab(a + b)r] - cos,(t*) + r* + (a + b)*r? + a?b?]® 1 @sin, (kt%)
(3)

Where 0 < a <1, a, b, c,r are real numbers, k is any positive integer, and a = 0,b = 0, a # b, |r| < |al, |r| < |b]. The
major methods used in this article are fractional Euler’s formula, fractional DeMoivre’s formula, and a new multiplication
of fractional analytic functions. In fact, the results we obtained are natural generalization of classical calculus results. In
addition, some examples are provided to illustrate our results.
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I1. DEFINITIONS AND PROPERTIES
First, we introduce fractional calculus and some important properties used in this paper.

Definition 2.1 ([16]): If 0 < a < 1, and t, is a real number. The Jumarie’s modified R-L a-fractional derivative is defined
by

(PO = g Jo Eo L dx, (4)

t=x)%

And the Jumarie’s modified R-L a-fractional integral is defined by

(IO O] = == JF LDy, ©)

F(a) to (t—x)1—«

where I'(w) = f0°° sW~le=5ds is the gamma function defined on w > 0.

Proposition 2.2 ([17]): If a,B,t,, C are real numbersand 8 = a > 0, then

(D)t = t)F] = F(F;ﬁ;ﬂ)( —to)f 7%, (6)
and
(e,DE)IC] = 0. @)

In the following, we introduce the definition of fractional analytic function.

Definition 2.3 ([18]): If ¢, t,, and a; are real numbers for all k, t, € (a,b), and 0 < a < 1. If the function f,:[a,b] - R

can be expressed as an « -fractional power series, that is, f,(t%) = Y- Om( t —ty)*® on some open interval

containing t,, then we say that £, (t%*) is a-fractional analytic at x,. In addition, if f,: [a, b] = R is continuous on closed
interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional analytic
function on [a, b].

Definition 2.4 ([19]): If 0 < @ < 1, and t, is a real number. Let f,(t*) and g, (t%) be two a-fractional analytic functions
defined on an interval containing ¢, ,

Fult) = S ot (6 = 1) = S0 2 (s (- 1)) (8)
0a(tD) = B s (6 = 1) = N0 % (s (= 1)) ©
Then
fo(t) ® ga(t®)
= Xi= 0F(ka+1)( — )" @ X 0F(ka+1)( t = o)
= 50 (Zho (X)) @hembm) (6 = ). (10)
Equivalently,
f2(t%) ® go(t®)

= S0 S (s - 10)7) @ % (s (= t0))

o 1 k 1 ®k
= S0 (Bhno () aiombim) (7 (€ = £0)%) - (11)
Definition 2.5 ([19]): If 0 < a < 1, and t is any real number. The a-fractional exponential function is defined by
@ v tha e 1 1 @ ®k
Eo(t%) = o tamrs = Zhoow G ) - (12)
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In addition, the a-fractional cosine and sine function are defined as follows:

@ v (_1)kt2ka e (_1)k 1 @ ®2k
€05 (t%) = Xi=o r(2ka+1) Li=o (2k)! (F(a+1)t ) ! (13)

and

sing (%) = Xio

(~nke@Rrva (—1)"( 1 a)®(2k+1)_ (14)

[(Qk+Da+1)  “k=0 2+ \r(a+1)

Definition 2.6 ([20]): If 0 < @ < 1, and r is any real number. Let f,(t*) be a a-fractional analytic function. Then the a-
fractional analytic function £, (t*)®" is defined by

fo(t)®" = By (r - Lng(fu(t9)). (15)

Definition 2.7 ([21]): Suppose that 0 < a <1, i=v—1, and f,(t%), g.(t%), po(t*), q,(t*) are a-fractional real
analyticatt = t,. Let z, (t%) = f,(t%) + ig,(t%) and w, (t%*) = p,(t*) + iq,(t*) be complex analytic at t = t,. Define

Za (t*)@w, (t%)
= (£t + i g,(t))®(pa (t*) + i q,(t%))
= [fa(tN)®pa(t%) — go(t*)®q (t))] + i[fo )Ry (t*) + o (tF) R, (tD)]. (16)

In addition, we define

| 20t = ([t + [go(t%)]®). (17)
Proposition 2.8 (fractional Euler’s formula) ([22]): Let 0 < a < 1, t be a real number, then
E,(it%) = cos,(t%*) + isin,(t%) . (18)
Proposition 2.9 (fractional DeMoivre’s formula) ([22]): Let 0 < a < 1, n be any positive integer, then
(cos, (t%) + isina(t“))®n = cos,(nt*) + isin,(nt%) . (19)

Definition 2.10 (fractional Fourier series) ([21]): If 0 < a < 1, and f,,(t%) is a-fractional analytic at t = 0 with the same
period T, of E, (it*). Then the a-fractional Fourier series expansion of f, (t%) is

%ao + Yi=1 arcos, (kt%) + bysin, (kt%), (20)

ao = (ol )fat),
where { a = T—za( ol ) fu(t9) ® cos, (kt)], (21)
bic = 7 (oIf)[fe(t*) ® sin, (kt)],
for all positive integers k.
I1l. RESULTS AND EXAMPLES
To obtain the major results in this paper, the following lemmas are needed.

Lemma 3.1 (fractional geometric series): If 0 < @ < 1 and let z,(t*) be a complex a-fractional analytic function such
that |z, (t%)|g < 1. Then

[1+2,(t)]®™" = Bio(—D)* [24(¢9)]®F . (22)
Proof Since | z,(t%)|g < 1, it follows that
[1+ 2 (tD)]® Xz (1) [z (t9)]®*
= [1+ 2, t)I®[1 — 2, (t*) + [2,(t*)]®? — [2,(t*)]®> + -]
= 1.
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And hence, the desired result holds. Q.ed.

Lemma 3.2: If 0 <a <1, a,b,c are real numbers and a # 0,b # 0, a # b. Let z,(t%) be a complex a-fractional
analytic function such that |z, (t*)|g < lal, |2, (t*)|g < |b]. Then

c—b

(2t + OB (2at)™ + (@ + ) 2, +ab]” =4 L3 (¥ (55 4+ 58) [z (D1 . (23)

®-1

Proof (2, (t%) + O)® [(za(t“))m + (@ +b) - 2,(t%) + ab]

= a=¢ ®-14 ¢=b ®-1
= 2 (t9) + a]® 7 + 2 [2,(t7) + b]

_a(a b)[ ta Z“(ta)] b(a b)[ t5 Z“(ta)]

_ -k @y ®k 4 _¢°b -k a\1®k
= a(a b)Zk 0 [z, (tD)] b(a b)Zk 0 ok [z, (t*)]®* (by fractional geometric series)

c-b

= S Ly (D (S + ) [2a (6918 Qed.

ab

Lemma3.3: If 0<a<1,a,b,c,rarereal numbersanda # 0,b # 0,a # b, |r| <|al, |r] < |b|. Then

(r - cos,(t*) + )®[r? - cos,(2t*) + (a + b)r - cos, (t*) + ab]
+ 7 5in, (t*)Q[r? * sin, (2t*) + (a + b)r - sin, (t%)]

®[2abr? - cos, (2t%) + [2(a + b)r3 + 2ab(a + b)r] - cos, (t*) + r* + (a + b)?r? + a?b?]® 1.

b a
= L (D (S o) T cosg (et ®). (24)

ab

And

—(r - cos, (t%) + c)®[r? - sin, (2t*) + (a + b)r - sin, (t%)]
+ 7 5in, (t*)Q[r? - cos, (2t*) + (a + b)r - cos, (t*) + ab]
®[2abr? - cos,(2t%) + [2(a + b)r® + 2ab(a + b)r] - cos, (t*) + r* + (a + b)*r? + a?b?]® 1!

c-b

= N (~DF (G + ) T sing (kt®). (25)

Proof InLemma 3.2, let z, (t%) = r - E,(it%), then by fractional Euler’s formula, we know that
Z,(t%) =1 - cosa (t%) + ir - sing (t%). (26)
Using Lemma 3.2 yields

(r-cosa(t*) + ir - sin, (t%) + c)® [(r ccos, (t*) +ir - sina(t‘)‘))c’b2 +(a+b)- (r oS, (t%) + ir - sina(t“)) +

ab]g’_1

= Zk (= 1)"( o bk+1) [ cos, (t%) + ir - sin, (t*)]®* 27

ab
Thus, by fractional De Moivre’s formula
(r-cosa(t*) + ¢
+ir - sing (t9)®[r? - cos, (2t%) + ir? - sing (2t%) + (a + b) - (1 cos, (t%) + ir - sing (t%))
+ otb]®_1

= St LT () (Sag o) [ - cosg (kt®) + ir* - sing (ket®)]. (28)

ab
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Therefore,
(r-cosg(t*) +c+ir- sina(t“))®[[r2 €05, (2t*) + (a + b)r - cos, (t*) + ab]
+i[r? - sin,(2t*) + (a + b)r - sina(t“)]]® !

= S LT (1) (Sag ) [ - cosg (kt®) + ir* - sing (kt®)]. (29)

Hence,
(r-cosg(t%) + ¢ + ir - sing, (t%))®[r? - cos,(2t*) + (a + b)r - cos, (t*) + ab]
—i[r? - sing, (2t*) + (a + b)r - sin, (t%)]
®[[r? - cos,(2t%) + (a + b)r - cos, (t*) + ab]®? + [r? - sin, (2t%) + (a + b)r - sin, (t*)]®?]® 1

a—c c-b

= Zk (= 1)"( — ka) [r* - cos, (kt®) + irk - sin, (kt%)]. (30)

ab

Finally, we obtain

(r-cos, (t*) + c)®[r? - cos, (2t*) + (a + b)r - cos, (t*) + ab]
+7-5ing, EH)Q[r? - sin, (2t*) + (a + b)r - sin, (t%)]

®[2abr? - cos,(2t%) + [2(a + b)r® + 2ab(a + b)1] - cos, (t*) + r* + (a + b)*r? + a?b?]® 1!

-b
b Zk 1= 1)k (ak+1 bck+1) k- cosq (kt®).

And

—(r - cos,(t%) + 0)®[r? - siny, (2t*) + (a + b)r - sin, (t%)]
+ 7 5in, (t*)Q[r? - cos, (2t*) + (a + b)r - cos, (t%) + ab]

®[2abr? - cos, (2t%) + [2(a + b)r3 + 2ab(a + b)r] - cos, (t%) + r* + (a + b)?r? + a?h?]® 1
-b .
Zk 1(= 1)k (ak+1 bCk+1) k. sing (kt®).

Q.ed.

The following is the major results in this paper, we find the fractional integral of some fractional trigonometric functions.

Theorem 3.4: Suppose that 0 < a < 1, a, b, ¢, r are real numbersand a = 0,b # 0, a # b, |r| < |a|, |r| < |b|. Then the
a-fractional integrals

1 (r c05q(t%) + )®[r? - cos,(2t%) + (a + b)r - cos,(t%) + ab] + 7 - sin, (t¥)Q[r? - sin, (2t%) + (a + b)r - sin, (t%*)]
(o T“ ®[2abr? - cos,(2t%) + [2(a + b)r3 + 2ab(a + b)r] - cos, (t%) + r* + (a + b)?r? + a?h?]|® 1
= ﬁ T, . (31)
And
(o) (r - cos,(t%) + c)®[1r? - cos, (2t%) + (a + b)r * cos,(t*) + ab] + 1 - sin, (t*)®[r? - sing, (2t%) + (a + b)r - sin, (t%)]
a ®[2abr? - cos, (2t%) + [2(a + b)r3 + 2ab(a + b)r] - cos, (t*) + r* + (a + b)?r? + a?b?]® "1 Qcos, (kt%)
b Ta
= (_ )k (:k+C1 :k+1) k. o (32)
(o) —(1 - cosa(t%) + O)®[r? - sing (2t%) + (a + b)r - sing (t¥)] + 1+ sing (t*)®[r? - cos,(2t%) + (a + b)1 * cos,(t%) + ab]
07Ta ®[2abr? - cos, (2t*) + [2(a + b)r3 + 2ab(a + b)r] - cos,(t*) + r* + (a + b)?r% + a?b?]® "1 Qsin, (kt%)
b Tq
_( 1)k (;k+c1 bck+1) k. P (33)

for all positive integers k.

Proof By the definition of fractional Fourier series and Lemma 3.3, the desired results hold. Q.e.d.

Finally, some examples are provided to illustrate our results.
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Example 35: If0<a <1, and letr =2,a = —3,b = 4,c = —1, then by Theorem 3.4, we obtain the a-fractional
integral
a [ cose(t%) — 1)®[4 - cosq(2t) + 2 - cosa(t¥) — 12] + 2 - sing (t*)Q[4 - sing (2t%) + 2 - sing (t*)]] _ 1
Coff,) [ ®[—96 - 054 (2t%) — 32 - o5, (t*) + 164]® 1 ] =15 Ta
(34)
Example 3.6: Let0 <a < 1,and letr = g,a =2,b =1,c = =3,k = 5, then by Theorem 3.4, the a-fractional integral

G oS, (t*) — 3) ® [1 €05, (2t%) + cos, (t%) + 2] + % - sing (t%)® E - sing (2t%) + sina(t“)]

9 251

T 31104 %

(olf)

406
81

®-1
® [g ccos, (2t%) + % - cosq (t*) + ] ®cos, (5t%)

(3%)

Example 3.7: If0<a <1,and letr =1,a = —4,b = 2,c = 3,k = 4, then using Theorem 3.4 yields the a-fractional
integral

( 1 ) [—(cosa(t“) + 3)®[sing (2t%) — 2 - sing (t*)] + sin, (t*)Q[cos,(2t*) — 2 - cos, (t%) — 8]] __ 13

¥'Ta ®[—16 cos,(2t%) + 28 cos,(t*) + 69]® 1 ®sin, (4t%) 4096 ¢°

(36)
IV. CONCLUSION

The main purpose of this paper is to use fractional Fourier series to solve some types of fractional integrals. A new
multiplication of fractional analytic functions plays an important role in this article. In fact, our results are generalization of
the results of ordinary calculus. On the other hand, some examples are provided to illustrate our results. In the future, we
will continue to use fractional Fourier series method to study the problems in fractional calculus and fractional differential
equations.
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